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MEDIAN GEOMETRY FOR SPACES WITH MEASURED WALLS
AND FOR GROUPS
INDIRA CHATTERJI AND CORNELIA DRUT¸U
Abstract. We provide a geometric characterization of spaces with measured walls
that embed isometrically into median metric spaces, so that the embedded image is
at finite Hausdorff distance from the target median space. Products of real hyperbolic
spaces satisfy this property, therefore uniform lattices in such products act properly
coboundedly on a median space. This is the best one can obtain in terms of median
geometry for the latter lattices, since they are not cubulable, and more generally can-
not act properly cocompactly on a median metric space. As a byproduct we provide
evidence that Rips-type theorems cannot hold for actions on median spaces, even under
strong hypotheses such as proper cobounded action and finite presentability. We prove
that complex hyperbolic metric spaces, when endowed with the only known structure
of space with measured walls, cannot be at finite Hausdorff distance from a median
metric space.
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1. Introduction.
1.a. Median spaces and spaces with walls. Main results. A median space
is a metric space (X, d) such that every triple of points x1, x2, x3 ∈ X admits a unique
median point, that is a point m ∈ X satisfying
d(xi,m) + d(m,xj) = d(xi, xj)
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for i, j = 1, 2, 3, i 6= j. The map X ×X ×X → X thus defined endows X with a ternary
algebra structure, called a median algebra. These were studied in [dV93, BH83, Isb80,
Sho54a, Sho54b]. More geometrical studies of median spaces were started in [Rol98, Nic],
and more recently by Bowditch in [Bo13, Bo16].
Examples of median metric spaces are trees, Rn with the ℓ1 metric for any n ≥ 1,
CAT(0) cube complexes on which the Euclidean metric on cubes is replaced by the ℓ1
metric. According to Chepoi and Gerasimov [Che00, Ger97, Ger98] the class of 1-skeleta
of CAT(0) cube complexes coincides with the class of median graphs (i.e. simplicial
graphs whose 0-skeleton with the combinatorial distance is median).
Median spaces can be thought of as non-discrete versions of 0-skeleta of CAT(0) cube
complexes, in the same spirit in which real trees have generalized the notion of simplicial
tree. Indeed, according to Bowditch [Bo13, Bo16], the metric of a complete connected
finite rank median metric space has a bi-Lipschitz equivariant deformation that is CAT(0)
and has the same collection of convex subsets. Finite rank seems to be the optimal
condition for the existence of such a deformation (see Section 2 for the notion of rank).
The interest of median geometry comes, among other things, from:
• its close connection with CAT(0) geometry as explained above, as well as with
the geometry of Banach spaces (especially with that of Lp–spaces) [CDH10];
• the relevance of median graphs and their geometry in graph theory and computer
science [BC08], and in optimization theory (see [MMR, Wil08] and references
therein);
• the fact that two important properties of groups, Kazhdan’s property (T) and
a-T-menability, can be characterized in terms of actions on median spaces (see
[CDH10], generalizing previous results for discrete groups [CMV04, dCTV06]);
Another structure that appears naturally in the study of actions of groups is that of
space with measured walls (see Definition 3.1). We proved in [CDH10] that, in some
sense, the category of spaces with measured walls is equivalent to the category of sub-
spaces of pseudo-metric median spaces (we refer to the beginning of Section 2 for a
discussion of pseudo-metric median spaces).
In [CDH10, Section 5] we have shown that
(1) a median metric space is endowed with a structure of measured walls (see Def-
inition 3.1) that are convex (i.e. with all the half-spaces convex), such that the
wall pseudo-metric pdistµ coincides with the median metric, and isometries are
automorphisms of the space with measured walls;
(2) to a space with measured walls (X,W,B, µ) one can associate a median pseudo-
metric space (M(X),pdist) containing it, such that the wall pseudo-metric pdistµ
coincides with the restriction of pdist to X×X; moreover M(X) is minimal in a
certain sense (see Definition 3.9), and has the key property that an isomorphism
of (X,W,B, µ) induces an isometry of (M(X),pdist).
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The naturality of M(X) is further emphasized by results in the present paper. More
precisely, we prove that, under some extra assumptions, a space with measured walls X
is at finite Hausdorff distance from M(X).
Theorem 1.1. Let (X,W,B, µ) be a space with measured walls, µ-locally finite in the
sense of Definition 4.2. The following are equivalent:
(1) the Hausdorff distance from (the embedded copy of) the space X to the associated
median space M(X) is finite;
(2) there exists a median space M and a coarsely surjective monomorphism ϕ : X →
M, in the sense of Definition 3.5;
(3) there exists δ and D such that X with the wall pseudo-metric is δ-tripodal (see
Definition 2.2), and every point z that is δ–between two points x, y is in the
D-neighborhood of every half-space containing x and y;
(4) there exists K such that for every half-space h of X, every point x outside h, and
every 1-projection p of x on h (in the sense of Definition 2.1), the measure of
the set of walls separating x from p and intersecting h is bounded by K.
A consequence of Theorem 1.1 is the following (see also Example 2.3).
Corollary 1.2. The real hyperbolic space Hn embeds isometrically and Isom(Hn)–equi-
variantly into a median space at finite Hausdorff distance from the embedded Hn.
In particular, the full isometry group of the real hyperbolic space Hn acts properly
and coboundedly on the (non-locally compact) median space associated to the usual
measured walls structure on Hn. Here by cobounded action we mean an action so that
the orbit of a ball covers the whole space.
1.b. Cubulable and medianizable groups. The previous results allow us to
emphasize the fact that, in the class of finitely generated groups, certain groups that are
not cubulable have weaker geometric properties that are, in some sense, the next best
thing after cubulable. In decreasing order of strength we have the following properties.
Definition 1.3. A group is said to be
• cubulable if it acts properly discontinuously cocompactly on a CAT(0) cubical
complex;
• strongly medianizable if it acts properly discontinuously cocompactly on a median
space;
• (weakly) medianizable if it acts properly discontinuously coboundedly on a me-
dian space.
Note that if a finitely generated group is strongly medianizable then the median space
on which it acts is locally compact, in particular it has finite rank (and similarly for
cubulable groups, the CAT(0) cubical complex has finite dimension).
The difference between strongly medianizable and cubulable is unclear, in fact at this
point it even seems possible that every strongly medianizable finitely generated group is
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cubulable. To begin with, all the properties known for cubulable groups (Tits alternative,
superrigidity) have been proven for strongly medianizable groups [Fio1, Fio3, Fio4].
On the other hand, there are interesting examples of groups that are medianizable
but not strongly medianizable. Indeed, Corollary 1.2 implies the following.
Corollary 1.4. Uniform lattices in a product SO(n1, 1) × · · · × SO(nk, 1) are median-
izable.
Irreducible uniform lattices in products SO(n1, 1) × · · · × SO(nk, 1) with k ≥ 2 are
not cubulable, due to results of Chatterji-Fernos-Iozzi [CFI]. Moreover, according to
Fioravanti [Fio1, Fio4], they are not strongly medianizable. Thus Corollary 1.4 is the
best one can hope for in terms of cobounded actions on median spaces of such lattices.
It is unknown if the same lattices can act properly on an infinite dimensional CAT(0)
cubical complex.
Even in the case of one factor (k = 1), Corollary 1.4 may turn out to be significant. It
is not known if all arithmetic uniform lattices in SO(n, 1), with n odd and larger than 3,
are cubulable. It is for instance the case for the uniform lattices described in [VS, LM]
and [Kap, §6]. The general consensus seems to be that these lattices are cubulable,
except for the construction in dimension 7 [Ber], especially for the lattices constructed
using octaves instead of quaternions [Kap, Theorem 6.7]. For congruence subgroups
of these latter lattices, it is proved in [BC] that the first Betti number is always zero,
thus to cubulate these lattices one would have to find finite index subgroups other than
congruence subgroups, and it is not known if such subgroups exist.
1.c. Possible Rips-type theorems for median spaces. Our results are also
relevant in another setting. With [CDH10, Question 1.11] we had asked about the pos-
sibility of extending to actions on median spaces Rips-type theorems known for actions
on real trees. The latter theorems describe under what conditions a non-trivial (i.e.
without global fixed point), minimal action of a group on a real tree T 6= R, yields a
non-trivial cocompact action on a simplicial tree, with stabilizers of edges virtually cyclic
extensions of stabilizers of arcs in the given real tree T . For details on the theory we
refer to [BF95, GLP, Sel97, Gui05, Bes] and references therein.
For instance, in [BF95, Theorem 9.5] it is stated that if the group is finitely presented,
and the action is stable (a condition satisfied by proper actions) then the required con-
struction of an action on a simplicial tree can always be performed; if the initial action
was proper, the simplicial action will have virtually cyclic stabilizers of edges.
The interest of a Rips-type theorem for median spaces is that it would relate the
negation of property (T) (equivalent to the existence of an action with infinite orbits on
a median space) to actions on CAT(0) cube complexes, and it would provide conditions
under which a-T-menability implies weak amenability with Cowling-Haagerup constant
1 [CDH10, §1.3].
The results in this paper emphasize that one cannot expect, for actions on median
spaces, a theorem similar to the one of Bestvina-Feigh quoted above: uniform lattices in
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products SO(n1, 1)×· · ·×SO(nk, 1) are finitely presented, they act properly, minimally
and with bounded quotient on median spaces, but cannot act non-trivially cocompactly
with amenable stabilizers on a CAT(0) cube complex (which would therefore have to be
of finite dimension), simply because by Chatterji-Fernos-Iozzi [CFI] any of their actions
on a finite-dimensional cube complex would have to be trivial.
It may still be possible to obtain Rips-type theorems for actions on median spaces,
provided that the latter have finite rank. This is consistent with the case of real trees,
since these are median spaces of rank one. Note that a Rips theorem for median spaces
of finite rank will give, in the case of cocompact actions, a weaker result than the equal-
ity between cubulable and medianizable groups conjectured in the paragraph following
Definition 1.3.
For such Rips theorems, one would have to begin by finding the most appropriate
condition for median spaces that would correspond to the condition “tree that is not a
line”. Let us denote this presumed condition by (¬R). It would have to rule out all the
minimal actions of amenable groups. All amenable groups are a-T-menable and hence
act properly on a median space, but it is not known what are the possible minimal
actions. The possible cocompact actions however can be deduced from [CM15] and the
fact that a finite rank median metric space has a bi-Lipschitz equivariant metric that
is CAT(0). This classification then indicates that a good candidate for condition (¬R)
might be “median space with no global fixed point at infinity under the full isometry
group, and which is not within bounded Hausdorff distance from a space Rn with the ℓ1
norm”.
1.d. Complex hyperbolic spaces. As far as the complex hyperbolic spaces
are concerned, we showed in [CDH10], using results of Faraut and Harzallah [FH74],
that they can also be equipped with structures of spaces with measured walls (the wall
metric being in this case dist
1
2 , where dist is the hyperbolic metric), hence their groups
of isometries also act properly by isometries on a median space. However, the action is
no longer cobounded.
Corollary 1.5. (1) The space (HnC,dist) cannot be isometrically embedded into a
median space. In particular the hyperbolic distance dist cannot be a wall metric.
(2) For any α ∈ [1/2, 1), whenever distα is a wall metric, (HnC,distα) cannot be at
bounded Hausdorff distance from a median space.
This paper is organised as follows. In Section 2 we define and discuss the notion of
pseudo-median space, δ-tripodal space, and other relevant notions. Section 3 recalls the
construction of a median space associated to a space with walls (this is done with more
details in [CDH10, Fio1, Fio2]). Section 4 is devoted to the proof of Theorem 1.1, and
Section 5 discusses the complex hyperbolic case and Corollary 1.5.
Acknowledgments: The work on the present paper started during visits to the Universi-
ties of Paris XI (Paris-Sud) and Lille 1, while our collaboration with Fre´de´ric Haglund
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2. Notation and terminology
Recall that a pseudo-metric space (X,pdist) is a space such that pdist satisfies all the
properties of a distance, except for “pdist(x, y) = 0⇒ x = y”. A point x in the pseudo-
metric spaceX is said to be between two other points a, b inX if pdist(a, x)+pdist(x, b) =
pdist(a, b). The interval I(a, b) between a and b is the set of points that are between a
and b. A subset A in X is called convex if every point x that is between two points a, b
in A is at distance zero from a point in A. When X is a metric space, his is equivalent
to the fact that I(a, b) ⊂ A for every two points a, b in A.
A median pseudo-metric space is a space for which, given any triple of points a, b, c,
the set I(a, b) ∩ I(b, c) ∩ I(a, c) is non-empty and has diameter zero. Any point in the
latter set is called median point for the triple a, b, c. When pdist is a metric this coincides
with the notion of median metric space recalled in the introduction.
The rank of a median metric space X is the supremum over the set of integers k such
that X contains an isometric copy of the set of vertices {−a, a}k of the cube of edge
length 2a, for some a > 0. Equivalently, it is the supremum over the set of integers k so
that there exist k pairwise transverse convex walls. The rank of a median pseudo-metric
space (X,pdist) equals the rank of its separation, i.e. the metric space X obtained as a
quotient by the equivalence relation pdist(x, y) = 0.
Given R > 0, the open R–neighbourhood of a subset A, i.e. {x ∈ X : pdist(x,A) < R},
is denoted by NR(A). In particular, if A = {a} then NR(A) = B(a,R) is the open R–ball
centered at a. We use the notation NR(A) and B¯(a,R) to designate the corresponding
closed neighborhood and closed ball defined by non-strict inequalities.
A point a is said to be δ–between two other points x, y if
pdist(x, a) + pdist(a, y) ≤ pdist(x, y) + δ.
When δ = 0 we simply say that a is between x and y, meaning that a belongs to the
interval I(x, y).
Definition 2.1. Given a subset A of X and a point x ∈ X, an ε-projection p of x on A
is a point p ∈ A such that pdist(x, p) < pdist(x,A) + ε.
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A map f : X → Y of a pseudo-metric space (X,pdistX) to a pseudo-metric space
(Y,pdistY ) is an isometric embedding if for every x, x
′ ∈ X, pdistY (f(x), f(x′)) =
pdistX(x, x
′). It is called an isometry if moreover it is a bijection.
As explained in the introduction, one of the aims of this paper is to investigate groups
that are not cubulable but have geometric properties that are close to cubulable, such
as strongly or weakly medianizable (see Definition 1.3). Most examples of medianizable
groups come from groups acting on spaces with measured walls, and in relation to this
three natural generalizations of both median spaces and Gromov hyperbolic spaces, that
we will now discuss, play an important part. The first two of these, loosely speaking,
require that for any triple of points there exists at least one thin geodesic triangle with
vertices this triple of points. The third requires a bound on the set of ‘quasi-centers’ of
these thin triangles (seen as ‘quasi-tripods’).
Definition 2.2. [δ-tripodal (pseudo-)metric spaces] Let (X,pdist) be a (pseudo-)metric
space. We say that X is a δ-tripodal space if given any three points x, y, z there exists a
point m that is δ–between x, y, respectively y, z and x, z.
Examples 2.3. (1) Geodesic Gromov hyperbolic spaces are δ-tripodal;
(2) median spaces are 0-tripodal;
(3) if (X, dX ) and (Y, dY ) are δ and µ-tripodal respectively, then (X × Y, dX + dY )
is (δ + µ)-tripodal.
(4) Euclidean spaces (and Hilbert spaces) cannot be δ-tripodal for any δ <∞ unless
of dimension one. It is easy to see by taking for instance an equilateral triangle of
length 2
√
3R, then the barycentre is
[
(
√
3− 2)R]-between each pair of vertices.
Definition 2.4. A finitely generated group G is δ–tripodal if there exists a metric dist
on it, quasi-isometric to the word metrics, such that (G,dist) is δ–tripodal.
Being δ-tripodal behaves well under relative hyperbolicity, as the following stability
result shows.
Proposition 2.5. Let G be a finitely generated group hyperbolic relative to a finite
family of finitely generated subgroups H1, ...,Hn. Assume that for every i ∈ {1, ..., n} the
subgroup Hi is δ-tripodal. Then the group G is µ-tripodal for some µ ≥ 0.
In particular, any lattice in SO(n, 1) is δ-tripodal. However, non-uniform lattices
in SU(3, 1) are not δ-tripodal: a group that is δ-tripodal must have sub-cubic Dehn
function [Eld], and these lattices have cubic Dehn functions. Note that M. Elder’s proof
in [Eld] is purely metric, thus even though the result is formulated for word metrics
and Dehn functions, it is also true for metrics quasi-isometric to word metrics and for
metric generalisations of Dehn functions, as defined in [Gro, 5.F], and therefore by quasi-
isometric invariance for word metrics and Dehn functions (even though the group might
not be tripodal for any word metric).
Proof of Proposition 2.5. Assume that for every i ∈ {1, ..., n} the subgroup Hi admits
a metric disti quasi-isometric to a word metric, with respect to which Hi is δ-tripodal.
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The goal is to construct on the group G a metric quasi-isometric to a word metric, with
respect to which G is µ-tripodal for some µ ≥ 0. One can start with a word metric on G
with respect to a generating set containing generating sets for all parabolic groups Hi,
and replace the metric induced on each coset gHi by the quasi-isometric metric provided
by the assumption. A standard argument shows that the metric on G thus modified is
quasi-isometric to the initial word metric, and that G endowed with this metric is still
hyperbolic relative to H1, . . . ,Hn.
According to [DS05b, Dr09], this relative hyperbolicity implies that there is a con-
stant δ such that for any triangle ∆, consisting of a triple of points x, y, z in G and
(discrete) geodesics between those points, there exists a coset gHi such that if we denote
by x1, x2, y1, y2, z1, z2 ∈ gH the entrance and exit points of the geodesics of ∆ from this
coset, we have that d(x1, x2), d(y1, y2), d(z1, z2) ≤ δ. Now take m a point in that coset
gHi that is δ-between x1, y1, z1. Then m is at most 3δ-between x, y, z. 
Definition 2.6. [δ–median metric spaces] We say that a (pseudo-)metric space (X,pdist)
is δ–median if given any three points x, y, z there exists a point m that is δ–between x, y,
respectively y, z and x, z; moreover the set of all such m has diameter at most D = D(δ).
With the convention that D(0) must be 0, a 0–median space is a median space. Clearly
δ–median implies coarse median in the sense of Bowditch. It is not known if any sort of
converse is true, and if coarse median spaces are in some sense close to being δ–median
for some δ ≥ 0.
The property of δ-tripodal only implies δ–median under the extra assumption that
the locus of triples {x′, y′, z′} has uniformly bounded diameter, but not otherwise: the
building associated to SL4(Qp) or Sp(4,Qp) admits a metric that is 0-tripodal [Cha] but
that cannot be median because of property (T) and those groups are not coarse median
[Hae].
3. The median space associated to a space with measured walls.
From [HP98], we recall that a wall of a set X is a partition X = h ⊔ hc (where h is
possibly empty or the whole X). A collection H of subsets of X is called a collection
of half-spaces if for every h ∈ H the complementary subset hc is also in H. We call
collection of walls on X the collection WH of pairs w = {h, hc} with h ∈ H. For a
wall w = {h, hc} we call h and hc the two half-spaces bounding w. We say that a wall
w = {h, hc} separates two disjoint subsets A,B in X if A ⊂ h and B ⊂ hc or vice-versa
and denote by W(A|B) the set of walls separating A and B. In particular W(A|∅) is the
set of walls w = {h, hc} such that A ⊂ h or A ⊂ hc; hence W(∅|∅) = W. We use the
notation W(x|y) to designate W({x}|{y}).
Definition 3.1 (Space with measured walls [CMV04]). A space with measured walls is
a set X, with W a collection of walls, B a σ-algebra of subsets in W and µ a measure
on B, such that for every two points x, y ∈ X the set of separating walls W(x|y) is in B
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and it has finite measure. We denote by pdistµ the pseudo-metric on X defined by
pdistµ(x, y) = µ (W(x|y)) ,
and we call it the wall pseudo-metric.
Remark 3.2. Consider the set H of half-spaces determined by W, and the natural
projection map p : H → W, h 7→ {h, hc}. The pre-images of the sets in B define a
σ-algebra on H, which we denote by BH; hence on H can be defined a pull-back measure
that we also denote by µ. This allows us to work either in H or in W.
Remark 3.3. The half-spaces are convex with respect to pdistµ. Indeed if a and b are
two points in a half-space h and x is such that pdistµ(a, x) + pdistµ(x, b) = pdistµ(a, b),
one cannot assume that pdistµ(x, h) = ε > 0. Otherwise
pdistµ(a, b) = µ(W(a, x | b)) + µ(W(a | x, b)) ≤ µ(W(a, x | b)) + µ(W(x | h))
+µ(W(a | x, b)) + µ(W(x | h)) ≤ µ(W(x | b)) + µ(W(a | x))
whence pdistµ(a, x) + pdistµ(x, b) − pdistµ(a, b) ≥ 2ε > 0.
For the definition of homomorphisms of spaces with measured walls we use a slightly
modified terminology, in accordance with the one in [Fio1, Fio2].
Let (X,W,B, µ) and (X ′,W ′,B′, µ′) be two spaces with measured walls, and let φ :
X → X ′ be a map.
Definition 3.4. The map φ is a homomorphism between spaces with measured walls
provided that:
• for any w′ = {h′, h′c} ∈ W ′ we have {φ−1(h′), φ−1(h′c)} ∈ W; this latter wall we
denote by φ∗(w′);
• the map φ∗ :W ′ →W is measurable and (φ∗)∗µ′ = µ.
Definition 3.5. (1) We say that φ is amonomorphism between spaces with measured
walls if φ∗ is surjective.
(2) We say φ is a coarsely surjective monomorphism if moreover there exists D > 0
such that X ′ is in the closed D-neighbourhood of φ(X), and for every half-space
h of X there exists a half-space h′ of X ′ contained in the closed D-neighbourhood
of φ(h). Both neighbourhoods are considered with respect to the pseudo-metric
pdistµ′ .
Note that being a monomorphism does not necessarily imply injectivity. On the other
hand, being a homomorphism already does imply that the map is an isometric embedding
with respect to the wall pseudo-distances.
Example 3.6 (Real hyperbolic space). Define the half-spaces of the real hyperbolic
space Hn to be closed or open geometric half-spaces, so that the boundary of half-spaces
is an isometric copy of Hn−1 (a geometric hyperplane of Hn). Note that the associated set
of walls WHn is identified with the homogeneous space SO(n, 1)/SO(n− 1, 1). Since the
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stabilizer of a hyperplane is unimodular, there is a SO(n, 1)-invariant borelian measure
µHn on the set of walls. Since the set of walls separating two points has a compact
closure, it has finite measure and thus (Hn,WHn ,B, µHn) is a space with measured walls.
By Crofton’s formula [CMV04, Proposition 3], up to multiplying the measure µHn by
some positive constant the wall pseudo-metric on Hn is the usual hyperbolic distance.
Example 3.7. The plane R2 with the euclidean distance can be isometrically embedded
in a median space, via the map
R2 → L1([0, 2π])(
x
y
)
7→ 1
4
(x sin t+ y cos t) .
We now recall how a space with measured walls naturally embeds in a median space.
This is done in detail in [CDH10, Fio1, Fio2] and we just give the outline here.
Definition 3.8. A section s for the projection p : H → W is called admissible if its
image contains, together with a half-space h, all the half-spaces h′ containing h. We
denote by M(X) the set of admissible sections.
We identify an admissible section s with its image σ = s(W); with this identification,
an admissible section becomes a collection of half-spaces, σ, such that:
• for every wall w = {h, hc} either h or hc is in σ, but never both;
• if h ⊂ h′ and h ∈ σ then h′ ∈ σ.
For any x ∈ X we denote by σx the image of the section of p associating to each wall
the half-space bounding it and containing x, that is the set of half-spaces h ∈ H such
that x ∈ h. Obviously it is an admissible section. Notice that p(σx △ σy) =W(x|y).
Let now x0 denote some base point in X. We define
BH := {A ⊆ H such that A △ σx0 ∈ B and µ(A △ σx0) < +∞}.
The identity A △ σx1 = (A △ σx0) △ (σx0 △ σx1) and the fact that σx0 △ σx1 is
measurable with finite measure shows that in fact the median pseudo-metric space BH
is independent of the chosen base point. In particular σx ∈ BH for any x ∈ X. Endowed
with the pseudo-metric pdistµ(A,B) = µ(A △ B) the set BH becomes a median pseudo-
metric space. The map
(1) χx0 : BH → S1(H, µ), χx0(A) = χA△σx0
is an isometric embedding of BH into the median subspace S1(H, µ) ⊂ L1(H, µ), where
S1(H, µ) = {χB , B is measurable and µ(B) < +∞}.
Note that for x, y ∈ X we have pdistµ(x, y) = µ(σx △ σy), thus x 7→ σx is an isometric
embedding of X into (BH,pdistµ).
Definition 3.9. The median space associated to X is the set
M(X) :=M(X) ∩ BH.
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Since each admissible section σx belongs toM(X), it follows that X isometrically embeds
in M(X). We will denote by ι : X →M(X) this isometric embedding.
This terminology is justified by the following result, emphasizing the naturality of the
construction of M(X).
Proposition 3.10 (Proposition 3.14, [CDH10]). The space M(X) is a median subspace
of BH. Let (X ′,W ′) be another space with measured walls. Any monomorphism of spaces
with measured walls φ : X → X ′ induces an isometric embedding M(X) →M(X ′). In
particular the group of automorphisms of (X,W) acts by isometries on M(X).
Remark 3.11. To all intents and purposes, the spaceM(X) can be replaced byM0(X),
the metric completion of the median closure of X in M(X). The space M0(X) may in
general be different from M(X), but is known to be equal to it when the space M0(X)
is locally convex [Fio2].
All the results in [CDH10] and in this paper that are formulated for M(X) also hold
for M0(X), moreover M0(X) has the advantage of being a complete geodesic metric
median space when X is connected. Indeed, according to Bowditch [Bo16], a complete
median space is geodesic if and only if it is connected. The median map is 1–Lipschitz,
therefore the image of X by it in M(X) is connected, and as the median completion
of X in M(X) equals the increasing union of (connected) sets obtained by iterative
applications of the median map to X, it is itself connected. The space M0(X) is the
metric completion of this latter median completion, hence it is itself connected.
Remark 3.12. The median spaceM(X) has a structure of measured walls constructed
explicitly from the one on X: for each h ∈ H define hM to be the set of σ ∈ M(X)
such that h ∈ σ. The complement of hM in M(X) is the set of σ ∈ M(X) such that
h 6∈ σ, or equivalently by the properties of admissible sections hc ∈ σ. In other words
(hM)
c = (hc)M. Thus {hM}h∈H is a collection of half-spaces - which we will denote
by HM. We denote by WM the associated set of walls on M(X). Using the bijection
W → WM induced by h 7→ hM we define on WM a σ-algebra BM and a measure µM.
Note that ι : X →M(X) is a monomorphism of spaces with measured walls. Note also
that the distance on M(X) coincides with the distance induced by the measured walls
structure.
We leave it to the reader to check that the median space associated with M(X)
endowed with this structure of space with measured walls is M(X) itself.
When speaking of a structure of measured walls on the particular median spaceM(X),
we shall henceforth always assume that it is the one described above.
4. Distances to the associated median space.
This section is devoted to the proof of Theorem 1.1. In other words, we would like
to understand when is a space with measured walls at finite Hausdorff distance from a
median space (e.g. its associated median space). The first obvious observation is that
for such a space the wall metric has to be δ-tripodal, for a positive constant δ. Thus, a
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Euclidean space with the ℓ2 norm, or more generally a Hilbert space, cannot be at finite
Hausdorff distance from a median space (Example 2.3).
Once property δ-tripodal is assumed, the approach is less straightforward, even in the
particular case of Gromov hyperbolic spaces and groups. We provide a characterization
of δ-tripodal spaces with walls that are within bounded distance from their median
spaces, satisfied in particular by Gromov hyperbolic spaces and finite products of these,
hence by real hyperbolic spaces and finite products of these.
The case of complex hyperbolic spaces is different as their hyperbolic metric distHC
cannot be induced by a wall structure (Corollary 1.5).
Notation 4.1. Let (X,W, µ) be a space with measured walls. For any subset Y ⊂ X,
denote byW(Y ) the set of walls separating two points of Y (we also say that these walls
cut Y ). The set W(Y ) is not a priori measurable, unless Y is countable for instance, in
which case W(Y ) = ⋃y,y′∈Y W(y|y′).
For an arbitrary subset Y we write µ(W(Y )) ≤ K if for any measurable subset E ⊂
W(Y ) we have µ(W(E)) ≤ K.
Definition 4.2. We say that (X,W, µ) is (µ, f)-locally finite if for any radius R ∈ R+
we have µ(W(B(x,R))) ≤ f(R) < +∞ for every x ∈ X, where the open ball B(x,R) is
with respect to the wall metric pdistµ. When we do not want to specify f we just say
that (X,W, µ) is µ-locally finite.
Example 4.3.
(1) The measured wall space structures on either Rn with the Euclidean or with the
ℓ1–norm, or on Hn are µ-locally finite. Indeed the set of walls cutting a given
closed ball is compact in each case.
(2) Discrete wall spaces whose wall distance is uniformly proper are µ-locally finite.
(3) More generally if for each ball we have a covering
W(B(x,R)) ⊂ W(x|a1) ∪ · · · ∪ W(x|an(R)),
with d(x, ai) ≤ g(R), then the measured wall space is µ-locally finite.
For spaces with measured walls that are µ–locally finite, one can characterize the
property of being within finite distance from its associated median space as follows.
A key ingredient in the proof of Theorem 1.1 is the following lemma.
Lemma 4.4. If M(X) is at Hausdorff distance η from X then for every wall h in X
the corresponding wall hM is at Hausdorff distance at most 3η from h.
Proof. Clearly h, identified with its embedding in M(X), {σx ; x ∈ h}, is contained in
hM = {σ admissible section ; h ∈ σ}.
For every τ ∈ hM, there exists x ∈ X such that µ(τ △ σx) ≤ η. If moreover x ∈ h
then we are done. Assume therefore that x 6∈ h.
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The inverse image p−1 (W(x|h)) is contained in τ △ σx and has therefore measure
at most η. It follows that there exists y ∈ h such that pdistµ(y, x) ≤ 2η, whence
µ(σy △ σx) ≤ 2η.
We can now use
τ △ σy = (τ △ σx) △ (σy △ σx)
to conclude that µ(τ △ σy) ≤ 3η. 
We are now ready to proceed with the proof of Theorem 1.1.
Proof of Theorem 1.1. In what follows we consider the space M(X) endowed with the
structure of space with measured walls as described in Remark 3.12.
(1)⇒ (2): Follows from the definitions.
(2)⇒ (3): Assume that there exists a constant D > 0 and a map ϕ : X → M to a
median metric space (M,distM) such that
distM(ϕ(x), ϕ(y)) = pdistµ(x, y) and M = ND(ϕ(X)).
For every triple of points x, y, z in X there exists a median point m ∈ M for
ϕ(x), ϕ(y), ϕ(z) and a point ϕ(m′), with m′ ∈ X, at distance at most D from m. We
can thus conclude that X is 2D-tripodal.
Let δ be a fixed positive constant, let x and y be two points contained in a half-space
h of X, and let z be a point δ–between x and y. By hypothesis there exists a half-space
hM of M at distance at most D from ϕ(h), in particular the points ϕ(x), ϕ(y) are at
distance at most D from two points x′, respectively y′ in hM.
The image ϕ(z) is at distance at most δ/2 from the median point m inM of the triple
ϕ(x), ϕ(y), ϕ(z), and as the median point m′ of ϕ(z), x′, y′ satisfies distM(m
′,m) ≤ 2D,
we conclude that distM(m
′, ϕ(z)) ≤ 2D+δ/2. It follows that ϕ(z) is at distance at most
2D+ δ/2 from hM, and at most δ/2+3D from ϕ(h), hence the same is true for z and h.
(3)⇒ (4): We prove the implication with K = f(2D+1+δ). Let x be a point outside
a half-space h0, and let p be a 1-projection of x on h0. Let E be a measurable subset ofW
contained inW(x|p)\W(x|h0). For any wall w = {h, hc} ∈ E assume the notation is such
that x ∈ h (so p ∈ hc). Since the wall w does not separate x from h0, the intersection
h ∩ h0 is not empty. Take q ∈ h ∩ h0. As X is δ-tripodal, there exists a point m that is
δ–between p and q, x and q, respectively x and p. We have that m ∈ ND(h) and m ∈
ND(h0). The distance from x to m must be at least dist(x, h0)−D ≥ dist(x, p)−D− ε,
whence dist(p,m) ≤ D + ε+ δ. It follows that dist(p, h) ≤ 2D + ε+ δ. This shows that
w ∈ W(B(p, 2D + ε+ δ)). Hence E ⊂ W(B(p, 2D + ε+ δ)).
(4)⇒ (1): Take τ an arbitrary admissible section in M(X), and let x ∈ X be a point
such that pdistµM(τ, σx) ≤ pdistµM(τ, ι(X)) + 1. We want to show that pdistµM(τ, σx)
is bounded by a constant independent of τ . Denote by W(x|τ) the projection p(τ △ σx).
It is composed of the walls w = {h, hc} such that x ∈ h and hc ∈ τ . By defini-
tion µM(W(x|τ)) = pdistµM(τ, σx). We claim that each wall in W(x|τ) cuts the ball
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B(x, 2K+1), where K is the constant provided by the assumption (4). Then (1) follows
from this claim since (X,W) is µ-locally finite.
Take w = {h, hc} in W(x|τ), so that x ∈ h and hc ∈ τ . Let p ∈ hc be a point such
that pdistµ(p, x) ≤ pdistµ(hc, x) + 1. We want to show that pdistµ(p, x) ≤ 2K + 1. By
assumption (4) we have that
µ(W(x|p) \ W(x|hc)) ≤ K .
We can write
pdistµ(τ, σp) = µ((τ △ σx) △ (σp △ σx)) = µ(W(x|τ) \W(x|p)) + µ(W(x|p) \ W(x|τ)) .
By the admissibility of τ , W(x|hc) ⊆ W(x|τ). It follows that W(x|p) \ W(x|τ) ⊆
W(x|p) \W(x|hc), so both sets have measure at most K.
On the other hand
µ (W(x|τ) \ W(x|p)) = pdistµ(τ, σx)− µ (W(x|τ) ∩W(x|p))
≤ pdistµ(τ, ι(X)) + 1− µ (W(x|hc) ∩W(x|p)) .
Now µ (W(x|hc) ∩W(x|p)) = µ(W(x|p)) − µ (W(x|p) \W(x|hc)), which by assumption
(4) is larger than pdistµ(x, p)−K. Combining all we get that
pdistµ(τ, σp) ≤ K + pdistµ(τ, ι(X)) + 1− pdistµ(x, p) +K,
and hence pdistµ(x, p) ≤ 2K + 1, as desired. 
Corollary 4.5. Let (X,WX , µX) and (Y,WY , µY ) be two spaces with measured walls
that are locally finite. If X and Y are at finite Hausdorff distance of their respective
associated median space, then so is X × Y .
Note that the property of being at finite Hausdorff distance from its median space is
not inherited by subsets, not even when they are geodesic. Indeed, every L2 space can
be embedded isometrically into an L1 space [WW75].
Corollary 4.6. A space with measured walls that is µ–locally finite and δ-tripodal (e.g.
Gromov hyperbolic or finite product of Gromov hyperbolic spaces) with respect to the
distance pdistµ is at finite Hausdorff distance of its associated median space.
Proof. This follows from the fact that a δ-tripodal space with measured walls satisfies
property (3) in Proposition 1.1. 
Corollary 4.7. Let X be a finite product of real hyperbolic spaces.
(1) The space X is within bounded distance from its associated median space M(X).
(2) Every uniform lattice in Isom(X) acts on the median space M(X) properly dis-
continuously with bounded quotient.
Remark 4.8. It follows from results of [Fio1, Fio4] that lattices as in Corollary 4.7, (2),
cannot act properly discontinuously cocompactly on a median space of finite rank. This
implies that:
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• the median space M(X) has infinite rank. Hence it is not locally compact; in
particular, a lattice of Isom(X) cannot act cocompactly on it;
• the action described in Corollary 4.7, (2), is the best type of action on a median
space that can be found for such lattices.
5. The complex hyperbolic space
In the case of complex hyperbolic spaces HnC, we will now prouve that their hyperbolic
metric distHC cannot be induced by a wall structure (this is the content of Corollary
1.5). The square root of this metric is known to come from a wall structure (possibly
also larger powers distαHC with α ∈ (1/2, 1) might, but nothing is proven in this respect).
Here we show that no metric distαHC can be δ-tripodal, hence the wall space it would be
induced by cannot be within bounded Hausdorff distance from a median space. The key
result is Proposition 5.2 below. To begin with, an easy computational lemma.
Lemma 5.1. Let a ≥ b ≥ 0, let 0 < α < 1 and β > 1. The following inequalities hold:
(1) (a+ b)β ≥ aβ + bβ;
(2) aα + bα − (a+ b)α ≥ bα(2− 2α) ≥ 0.
Proof. The inequalities are trivial when b = 0. Thus we may assume that b > 0, in fact
without loss of generality we may assume that b = 1 and a ≥ 1.
(1) follows from the fact that the function f(x) = (x + 1)β − xβ − 1 is increasing for
x ≥ 1 and f(1) = 2β − 2 > 0.
(2) follows from the fact that the function g(x) = xα + 1 − (x + 1)α is increasing for
x ≥ 1 and g(1) = 2− 2α.

Proposition 5.2 (snowflaked metric spaces). Let (X,dist) be a metric space and let
0 < α < 1 be such that distα is a metric.
(1) For every two points x, y in X, the interval with respect to the metric distα
reduces to {x, y}.
(2) Assume that X contains triples of points xn, yn, zn such that
lim
n→∞
min [dist(xn, yn),dist(xn, zn),dist(yn, zn)] =∞.
Then (X,distα) cannot be δ–median, for any constant δ > 0.
Proof. (1) We denote the distance distα by d, and 1α by β. We thus have that dist = d
β.
Let z be a point between two points x, y in X, with respect to the metric d. Thus
d(x, y) = d(x, y) + d(y, z), whence
(2) dist(x, y) = [d(x, z) + d(z, y)]β ≥ dist(x, z) + dist(z, y) ≥ dist(x, y).
The first inequality in (2) follows from Lemma 5.1, (1). Note that equality holds if
and only if one of the two numbers is zero.
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Since the first and the last terms in (2) are equal, all inequalities become equalities,
in particular from the above we can deduce that either d(x, z) = 0 or d(z, y) = 0.
(2) The proof is a coarse version of the proof of (1). We argue by contradiction, and
assume that (X,d) is δ–median, for some positive constant δ.
For each triple xn, yn, zn with
dn = min [dist(xn, yn),dist(xn, zn),dist(yn, zn)]
diverging to infinity, consider a δ–median point mn with respect to the metric d. For
simplicity, in what follows we drop the index n.
Without loss of generality we can assume that dist(m,x) ≤ dist(m, y) ≤ dist(m, z).
We can write
(3) d(x, y)+ δ ≥ d(x,m)+d(m, y) ≥ [dist(x,m) + dist(m, y)]α ≥ dist(x, y)α = d(x, y).
In the second inequality of (3), we used Lemma 5.1, (2).
Using (3) and again Lemma 5.1, (2), we can write that
(4) δ ≥ dist(x,m)α + dist(m, y)α − [dist(x,m) + dist(m, y)]α ≥ (2− 2α)dist(m,x).
If we repeat the arguments in (3) and (4), with x, y replaced by y, z, we obtain that
(2− 2α)dist(m, y) ≤ δ,
whence
dist(x, y) ≤ 2δ
2− 2α .
This contradicts the fact that dist(xn, yn) ≥ dn, and dn diverges to infinity. 
Corollary 5.3. Let (X,dist) be a geodesic Gromov hyperbolic metric space with boundary
at infinity containing at least three points, and let α < 1 be such that distα is a metric.
Then (X,distα) cannot be δ-tripodal for any δ > 0.
In particular if the snowflaked metric distα is induced by a measured walls structure,
then no isometric embedding of (X,distα) into a median metric space M has image
within bounded distance of M.
Consider now the hyperbolic space HnC with n ≥ 2, endowed with the hyperbolic
distance dist. Recall that HnC admits a structure of space with measured walls such that
the induced distance is dist1/2. Possibly the exponent 1/2 can be increased to some other
value α ∈ (1/2, 1). In either case, the space with measured walls thus obtained cannot
be within finite distance of a median space due to Proposition 5.2. Thus we can finish
the proof of Corollary 1.5 stated in the introduction.
Proof of Corollary 1.5. (1) Indeed, if it were the case, then HnC would admit a convex
subset with convex complementary, hence a convex hypersurface of codimension one,
every convexity with respect to the hyperbolic distance. The existence of a hypersurface
as described is impossible.
(2) is an immediate consequence of Corollary 5.3. 
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